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FINITE ELEMENTS IN FLUIDS: 
FUNDAMENTALS 

(I) Basics on FE method 
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!  Model problem 

 with 

!  Multiplying by a weighting function v such that v=0 on !d   

Weighted residual formulation 

on 

in 
on 
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Applying boundary conditions (v=0 on !d) 

(") 

Integration by parts formula in several dimensions: 
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Weak form 

!  “Find u#H1($) such that u=ud on !d and 

 for any test function v#H1($) such that v=0 on !d”,  where 

!  It is easy to proof that the strong form and the weak form are 
equivalent. 
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Lax-Milgram lemma 
 Let a: HxH %        be a bilinear form, and     : H %       be a 
linear functional where H is a Hilbert space. If  

 then, there exist a unique                 such that 

 Moreover                          
and, if a is symmetric, u verifies 

continuous 

coercive 
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Laplace equation 

!  Model problem (strong form): 

!  Weak form: find                          such that 

 where 

 Notation: 

 ¿Are the hypothesis of the Lax-Milgram lemma verified? 
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(0) H =              therefore:  

(i) Continuity of a: 

(ii) Continuity of l: 
[Hölder’s or Cauchy-Schwarz’s 
inequality] 
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(iii) Coercivity of a: 

[Poincaré-Friedrichs 
inequality] 
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Discretization 

 A finite dimensional space is considered                   . The 
goal is to find                            (where         is used to verify 
the Dirichlet boundary conditions), such that 

 Since           is a Hilbert space, the Lax-Milgram lemma 
ensures the existence and uniqueness of the solution. 

 In fact, the matrix obtained from the discretization of operator 
a is positive definite (due to the coercivity of a) and, therefore,  
it is a regular matrix. 

                 Existence of a unique solution 
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 Under the Lax-Milgram lemma’s conditions, there exists a 
unique solution                         of the problem 

 and it is the best approximation of u, solution of 

 with the norm induced by             .  

Moreover, the error is bounded by 

 In particular, 

where           is the interpolant of       in the space 

Céa’s lemma 
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Galerkin orthogonality 

 In particular, everything turns out to be simple for a 
symmetric positive definite form             (which induces the 
energy norm). In this case, uh is the projection of u into the 
space        with respect to the scalar product induced by 
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A priori error bounds 

!  From Cea’s lemma 

!  In the case                              the piecewise polynomial 
interpolation ensures 

!  The following global a priori error bound is obtained  

where                           and                             . 
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Interpolation (Spline) 

!  Consider a piecewise polynomial interpolation 
(usually C0) 

!  Advantages: 
•  compact support (local basis) & nearly-empty matrices 
•  easy to integrate 
•  coefficients ui with physical meaning 

Ni(x) 
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Prescribed values 

!  Coefficients corresponding to the known values (essential 
boundary conditions) are set (prescribed) 

•  uh(x) verifies (except for errors associated to the interpolation) the 
essential boundary condition u=ud on !d 

•  Ni(x)=0 on !d for i'B (test function v) 

!  Other techniques: Lagrange multipliers, penalty methods, 
Nitsche method... 
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Weak form discretization 

Considering v=Ni(x) with i'B in the weak form and replacing 
the approximation uh(x) yields 

Linear system of equations 
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The FEM for fluids 

!  Around 1960 the Finite Element Method (FEM) emerges as 
a powerful tool for simulations appearing in the aeronautical 
industry: 

•  ease in modelling complex geometries and all type of 
boundary conditions, 

•  flexible and general purpose programming as opposed to 
the casuistry of the Finite Difference method.  

!  Galerkin is optimal (with respect to the energy norm) for 
parabolic or elliptic PDE’s with selfadjoint operators (SPD 
matrices) 

!  Galerkin has problems if the PDE contains non-selfadjoint 
dominant operators (convection in fluids) 
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FINITE ELEMENTS IN FLUIDS: 
FUNDAMENTALS 

(II) Basics on fluid mechanics 

Conservation equations 

!  Continuity equation (mass) 

!  Cauchy equation (momentum) 

!  Energy conservation 
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The constitutive equation relates the stress-Cauchy tensor ! 
with the rate of deformation tensor d  

!  Ideal fluid, perfect or inviscid 

!  Stokes fluid: non-linear viscid 

!  Newtonian flow: linear viscid 

For the isotropic case 
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Constitutive equation 
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EULER EQUATIONS 
inviscid, compressible flow 

Equations for conservation of mass, momentum and energy 
for a compressible ideal fluid (inviscid).  

Non-linear hyperbolic system of equations 
shocks/discontinuities 

where should boundary conditions be imposed?  
which is the inflow boundary? 
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!  They are used in fast dynamics where the viscid effects 
are negligible: aerospatial industry, automobile industry, 
meteorology... 

!  Generally an eulerian description is used, (equations 
with spatial derivatives), or the ALE description, for 
instance, in fluid-structure interaction. 

!  It is a non-linear hyperbolic system. 
!  Difficulties: 

•  transient 
•  non-linearity 
•  convective terms/hyperbolic system 
•  boundary conditions 
•  solution with sharp fronts or discontinuities (shocks) 
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The sonic boom 

Nozzle problem, density, 
Mach 0.5 at inflow 

Forward facing step 

!  Problem statement: 

M( = 3 

singular point  
(special refinement 

techniques, reset values,..) 

!  935 elements and P=7 (134 640 dof). Density. 
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EXAMPLE: simulation of an explosion in a 
transformer 
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structural portion fluid domain mass fractions (t=T/2) 

pressure (t=T/2) mass fractions (t=T) 
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Cauchy’s equation for an isotropic Newtonian fluid.  

Replacing the constitutive equation 

in the Cauchy equation 

yields the Navier-Stokes equation 

NAVIER-STOKES EQUATIONS 
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For an incompressible flow 

and the Navier-Stokes equation is written as 
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NAVIER-STOKES EQUATIONS 
(INCOMPRESSIBLE) 

It’s a parabolic PDE" B.C. are imposed in all the boundary 

Difficulties: 
–  transient  
–  non-linear 
–  convective terms 
–  velocity/pressure interpolation (saddle point problem) 

Motivation 
!  A problem: transient incompressible Navier-Stokes eqs. 
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Dimensionless equation 

with                   and 
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Figures of 
“Incompressible flow”, 

Ronald L. Panton 
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http://www.ae.gatech.edu/~lsankar/AE2020 

Re = 10 

Re = 2000 
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Guadalupe Island (20 of August of 1999)  
Von Kármán vortexes in the ocean 

http://daac.gsfc.nasa.gov/CAMPAIGN_DOCS/OCDST/vonKarman_vortices.html 

Canarias Islands (24 of April of 2000)  
Von Kármán vortexes in the atmosphere 
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In the case of an incompressible isotropic Newtonian flow,  
highly viscid, the convective terms are neglected 

Stokes flow equations 

Difficulties: 
–  transient  
–  velocity/pressure interpolation 

Subducting slab 

http://www.geology.um.maine.edu/geodynamics 
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Subducting slab detachment  
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